Abstract. We study Lorentzian surfaces with the constant Gaussian curvatures or the constant mean curvatures in the 3-dimensional Lorentzian space and their transformations. Such surfaces are associated to the Lorentzian Grassmannian systems and some transformations on such surfaces are given by dressing actions on those systems.
Introduction
Recently, the theory of surfaces and their transformations has been studied extensively in differential geometry. Classically, many mathematicians were interested in the surfaces in the 3-dimensional Euclidean space R 3 which have nice coordinate systems and have special kinds of the Gauss-Codazzi equations. Nowadays, the Gauss equations of such surfaces are known as soliton equations and their transformations can be explained by the dressing actions on the space of the solutions of the soliton equations. The sine-Gordon equations for surfaces with the negative constant curvatures and the sinh-Gordon equations for the constant mean curvature surfaces in R 3 are well-known examples. These ideas on the surfaces in R 3 can be applied to the surfaces in the 3-dimensional Lorentzian space R 2,1 and many results have been obtained for the surfaces with the constant Gaussian curvatures or the constant mean curvatures in R 2,1 [2] , [4] , [5] , [6] , [8] , [10] . It is well-known that some surfaces in R 2,1 with the constant curvatures correspond to the solutions of the sine-Gordon, the elliptic sine-Gordon, the sinh-Gordon or the hyperbolic sinh-Gordon equations.
In this paper, we investigate on the relation between Lorentzian Grassmannian systems and the Gauss equations of the constant curvature surfaces in R 2,1 , and obtain a special kind of transformations on them using the dressing actions on the solutions of the systems. Lorentzian Grassmannian systems are special cases of the so-called the n-dimensional system or G/K-system defined by Terng [9] . Some Grassmannian systems are associated to special surfaces in R 3 [1] and this idea can be applied to the Lorentzian cases, too. We also give examples of new solutions of the sine-Gordon, the sinh-Gordon, the elliptic sine-Gordon and the hyperbolic sinh-Gordon equations from the vacuum solution u = 0 and the isometric immersions of the surfaces corresponding to them.
Preliminaries
The 3-dimensional Lorentzian space R 2,1 is the set R 3 with the nondegenerate metric x, y = x 1 y 1 + x 2 y 2 − x 3 y 3 . First, we introduce basic knowledge and notations about the geometry of Lorentzian surfaces [7] , [11] .
Suppose X : M −→ R 2,1 is an isometric immersion of a Lorentzian surface M into R 2,1 . Throughout this paper, we denote by e 1 , e 2 , e 3 a local orthonormal frame on M such that e 3 is normal to M . Put i = e i , e j . Hence M is spacelike if 3 = −1 and timelike if 3 = 1.
Take ω 1 , ω 2 the dual coframe to e 1 , e 2 on M , that is, ω i (e j ) = e i , e j = i δ ij . Then dX = 1 e 1 ⊗ ω 1 + 2 e 2 ⊗ ω 2 . The connection 1-forms ω ij are defined by
which satisfies i ω ij + j ω ji = 0. Then the structure, the Gauss and the Codazzi equations become From the Gauss equation (2.1) and (2.2), we obtain
The mean curvature H of M is
where k 1 and k 2 are the principal curvatures of M . The first and the second fundamental forms on M are defined by I = dX, dX and II = dX, −de 3 . In particular, if e 1 and e 2 are principal directions, that is, −de 3 (e 1 ) = k 1 e 1 and −de 2 = k 2 e 2 , then they become
It is well-known that a surface M with K = ±1 or H = 1 has a special coordinate system (x, y) and a function u(x, y) which satisfies a special kind of partial differential equation [6] , [11] . More precisely, (1) When M 2 is a spacelike surface R 2,1 with K = 1,
and u(x, y) satisfies the sine-Gordon equation
(2) When M 1,1 is a timelike surface with K = −1,
and u(x, y) satisfies the elliptic sine-Gordon equation
and u(x, y) satisfies the sinh-Gordon equation
is a timelike surface with K = 1 which has the diagonalizable shape operator and has no umbilic points,
if the timelike principal curvature is bigger than that of the spacelike one, and
if the spacelike principal curvature is bigger. u(x, y) satisfies the hyperbolic sinh-Gordon equation
Now, we introduce the G/K-system for a symmetric space G/K, which was defined by Terng [9] . Later, we will associate to Lorentzian surfaces with constant curvatures the solutions of appropriate Lorentzian Grassmannian G/Ksystems.
Let G/K be a rank n symmetric space, σ : G → G the corresponding involution on the Lie algebra G of G, G = K + P the Cartan decomposition, and A ⊂ P a maximal abelian subalgebra. Let a 1 , . . . , a n be a basis for A. Denote by A ⊥ the orthogonal complement of A in G with respect to the Killing form.
where, v xi = ∂v ∂xi . It is easy to see that v is a solution for G/K system if and only if the following one-parameter family of G ⊗ C-valued connections on R n is flat; 
Then the Cartan decomposition becomes o(4, 1) = K + P, where
Take a maximal abelian subalgebra A S ⊂ P spanned by e 41 − e 14 and e 52 − e 25 , where e ij ∈ M 5×5 is defined by (e ij ) ij = 1 and (e ij ) kl = 0 for
Since θ λ in (3.1) is flat for any λ, so are ω and η. Thus there exist maps
Since B is O(2)-valued, we may assume
Then by (3.2) and (3.3), we have
and thus f 12 = u x and f 21 = −u y . Hence we will say (u,
(ii) There exists a map
, where A and B are given by (3.3) .
(iii) X can be obtained by the Sym's formula (v) X 1 and X 2 have the Gaussian curvatures
Proof. (i) follows from the flatness of ω. Taking a gauge transformation on θ λ by h = A 0 0 B , we obtain a flat connection
Since h * θ λ is flat, the (1,2) block is closed so that dX = A δ 0 B t for some X. The left ones can be proved by direct calculations.
We can associate a spacelike K = 1 surface in R 2,1 to some solution for this system of the spacelike type.
Theorem 3.2. (u, ± sin u, ∓ cos u) is a solution for O(4, 1)/O(2, 1)×O(2) system of the spacelike type if and only if u is a solution of the sine-Gordon equation (2.3) and X 1 defined in Proposition 3.1 (iv) gives an isometric immersion of a spacelike surface
In this case, X 1 has the fundamental forms as
is an isometric immersion of a spacelike surface M with K = 1 into R 2,1 . Then there exist a coordinate system (x, y) and a function u satisfying (3.4) by Proposition 2.1, and it is easy to show that (u, ± sin u, ∓ cos u) is a solution for this system of the spacelike type.
Remark 3.3. In Theorem 3.2, the map X 2 associated to (u, sin u, − cos u) has fundamental forms I = sin
so that it gives a totally umbilic spacelike surface with K = −1. Now, we consider the timelike surface in R 2,1 with K = −1. In the Cartan decomposition of o(4, 1) = K + P, take a maximal subalgebra A T of P spanned by e 42 − e 24 and e 53 + e 35 , and put C = G F , where G ∈ M 1×2 and F ∈ M 2×2 . Then the corresponding flat connection for O(4, 1)/O(2, 1)×O (2) is of the form
A similar argument as before shows that f 12 = u x and f 21 = −u y for some function u. Again, we will call (u,
system of the timelike type when θ λ in (3.5) is flat. As does in the case of the spacelike type, the following holds.
of the timelike type. Then
(ii) There exists a map 2 , e 3 are a local orthonormal frame for X 1 and X 2 , where 2 = −1 and
(v) X 1 and X 2 have the Gaussian curvatures
We now associate a timelike K = −1 surface in R 2,1 to some solution for this system of the timelike type. 
Proof. It can be proved by a similar way as Theorem 3.2.
Remark 3.6. In Theorem 3.5, the map X 2 associated to (u, sin u, − cos u) has fundamental forms
so that it gives a totally umbilic timelike surface with K = 1.
From now on, we investigate on the construction of an action on the solutions
Consider the bilinear form ,
t and Z = (z 1 , z 2 ) t be unit vectors in R 2,1 and in R 2 , respectively, and let π be the orthogonal projection of C 5 onto C W iZ with respect to , 1 .
system of the spacelike type, θ λ the corresponding flat connection as in (3.1), and E be a trivialization of (F, G), i.e.,
Lemma 3.6. The following holds. 1) and B, B ∈ O(2), and
Proof. see [1] .
This action by q s,π (λ) of the form (3.7) on the immersions X = (X 1 , X 2 ) can be interpreted as a geometric transformation. Lemma 3.6 . Then X i and X i are in a Ribaucour transformation. In particular,
Proof. From (3.9), we have e i = e i − 2 i w i A W . Comparing this fact with (3.12), we get the desired result.
From the above argument, we can obtain the following.
In this case,
The fundamental forms of X 1 are
and the immersions X 1 and X 1 are K = 1 spacelike surfaces and they are in a Ribaucour transformation.
Proof. From (3.11), we have
Thus d(s w 3 − z 1 sin u + z 2 cos u) = 0 and by the initial condition, we have
or, s w 3 = sin u z 1 − cos u z 2 = − cos(u − α). Hence by (3.11), we get
and thus ( u, − sin u, cos u) is a new solution of the spacelike type, which implies that
and thus u = 2α − u. The formula for X 1 comes from (3.12) and the fact that X 1 and X 1 are in a Ribaucour transformation follows from the Proposition 3.7.
We now consider an action for the timelike type. In this case, all the properties in Lemma 3.6 hold except the following; 
where Proof. In this case, (3.9) and (3.12) still hold. Now the results follow from these fact. In this case,
The immersions X 1 and X 1 are K = −1 timelike surfaces and they are in a Ribaucour transformation.
Proof. It follows from Proposition 3.10 by putting g 1 = sin u and g 2 = cos u.
O(3, 2)/O(2, 1) × O(1, 1) systems
We now associate another kind of constant curvature surfaces in R 2,1 to some Lorentzian Grassmannian systems. Put
Then the Cartan decomposition becomes o(3, 2) = K + P, where
Take a maximal abelian subalgebra A S ⊂ P spanned by e 41 − e 14 and e 52 + e 25 , and put C = F G , where F ∈ M 2×2 and G ∈ M 1×2 . Then the
are flat connections so that there exist maps A ∈ O(2, 1) and B = cosh u sinh u
It is easy to show that f 12 = u x and f 21 = u y and thus we will say that (u, 1) system of the spacelike type when θ λ in (4.1) is flat.
(ii) There exists a map (v) X 1 and X 2 have the Gaussian curvatures
Proof. Since the proof is similar to Proposition 3.1, we omit the details. 
Moreover, the maps Y 1 = X 1 − X 2 and Y 2 = X 1 + X 2 give spacelike surfaces with the constant mean curvatures H = ±1 whose fundamental forms are 
Moreover, the maps Y 1 = X 1 − X 2 and Y 2 = X 1 + X 2 give spacelike surfaces with H 1 = 1 and H 2 = −1 respectively, whose fundamental forms are
We now deal with the timelike surface in R 2,1 with K = 1 whose shape operator is diagonalizable. In the Cartan decomposition of o(3, 2) = K + P, take a maximal subalgebra A T of P spanned by e 42 − e 24 and e 53 − e 35 , and put C = G F , where G ∈ M 1×2 and F ∈ M 2×2 . Then the corresponding flat connection for O(3, 2)/O(2, 1) × O(1, 1) system is of the form 1) system of the timelike type when θ λ in (4.4) is flat.
system of the timelike type. Then
(ii) There exists a map where A ∈ O(2, 1) and B = cosh u sinh u sinh u cosh u satisfy
where E is a trivialization for θ λ in (4.4). 
We can associate a nonumbilic timelike K = 1 surface in R 2,1 which has a diagonalizable shape operator to some solution for this system of the timelike type. 
Moreover, the maps Y 1 = X 1 − X 2 and Y 2 = X 1 + X 2 give timelike surfaces with H = ∓1, whose fundamental forms are 
Moreover, the maps Y 1 = X 1 − X 2 and Y 2 = X 1 + X 2 give timelike surfaces with H = −1 and H = 1 respectively, whose fundamental forms are
From now on, we investigate on the construction of an action on the solutions for O(3, 2)/O(2, 1) × O(1, 1) system. Since all the arguments are similar to O(3, 2)/O(2, 1) × O(2) system, we only sketch the process briefly without details.
Consider the bilinear form , 2 on C 5 given by U,
t and Z = (z 1 , z 2 ) t be unit vectors in R 2,1 and in R 1,1 , respectively, and let π = 1 2
be the orthogonal projection 1) system of the spacelike type, θ λ the corresponding flat connection as in (4.1), and E be a trivialization of θ λ .
Put 1) and B, B ∈ O(1, 1), and
Proposition 4.8. Let X = (X 1 , X 2 ) and X = ( X 1 , X 2 ) be given by Lemma 4.7. Then X i and X i are in a Ribaucour transformation. In particular,
where, Proof. It follows from (4.6) and (4.9).
From the above Lemma and the Proposition, we obtain the followings. 
The fundamental forms of X 2 are 
The fundamental forms of X 1 are 
is a new solution of the same type. In this case,
The fundamental forms of X 2 are
The immersions X 2 and X 2 are K = 1 timelike surfaces of which the spacelike principal curvatures are bigger, and they are in a Ribaucour transformation. Furthermore,
, and the fundamental forms 
Y i and Y i are in a Darboux transformation.
Examples
In this section, we give examples of new solutions u for the equations (2.3), (2.4), (2.5) and (2.6) from the vacuum solution u = 0 by the dressing action q s,π (λ). In the below, X i is the corresponding immersion of the nonumbilic Lorentzian surface with K = 1 or K = −1, Y i the corresponding surface with H = ±1, and c and a are constants. 
